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In [3] some constructions of exceptional Jordan algebras due to H. Freudenthal,
T. A. Springer, and J. Tits were carried over to quadratic Jordan algebras (as in
[4]) of arbitrary characteristic. The question was left open whether the Tits
Constructions yielded all exceptional finite-dimensional central simple algebras in
characteristic 2 (it was known that they do for characteristics #2). In this paper
we settle this question in the affirmative. This result completes the structure theory
for finite-dimensional quadratic Jordan algebras.

The Tits Constructions as given in [3] involve the construction of a norm form.
To prove that all the exceptional algebras arise from these constructions we need
to show that all such algebras have a suitable norm form. This necessitates a slight
detour in §§1 and 2 to verify that Jordan algebras in characteristic 2 have generic
norms with the same properties as in the other characteristics. In §3 we define the
centroid for quadratic Jordan algebras and the corresponding notion of central
simple algebras. In the next section we establish certain conditions under which a
central simple Jordan algebra remains simple upon extension of the base field. In
§5 we apply these results to show that every exceptional finite-dimensional central
simple algebra is a form of the 27-dimensional exceptional algebra $(C;) (i.e.
becomes H(€;) upon suitable extension of the base field). In the final section we
show that the Tits Constructions yield precisely all the exceptional finite-dimensional
central simple Jordan algebras. Our proofs will be valid for all characteristics.

1. Generically algebraic algebras. Except when we explicitly state otherwise
(as in §3), all algebras and vector spaces will be taken over a field ® of arbitrary
characteristic. We do not assume finite-dimensionality. We will need to make use
of the generic norm and its basic properties. These concepts are defined for
arbitrary power-associative algebras [5], but quadratic Jordan algebras are not
power-associative in the usual sense—since they are not even defined in terms of a
bilinear product, we cannot talk of “associativity”” of powers.

We are forced to use a more general definition. A power algebra B is a vector
space X together with a family of polynomial maps p, of X into itself (the power
maps) for n=0, 1, 2, ... such that

(i) each p, is homogeneous of degree n;
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(i) po#0;

(iii) p, is the identity map.
Thus p, is a constant, po(x)=c, where the unit element c is nonzero, and p,(x)=x
for all x. If the field @ is finite, we agree that a “polynomial map” p is a formal
polynomial map rather than just a set-theoretic map, so that for any extension
Q of @ there is a unique extension pg of p to Xg; if @ is infinite, formal and set-
theoretic maps are equivalent. These conventions guarantee that for each extension
Q of the base field we can extend ‘R to a power algebra R on X,. For example, if
A is an ordinary unital linear algebra on X then X and the maps p,(x)=x" con-
stitute the power algebra associated with . If  is a unital quadratic Jordan algebra
on ¥ then X and the power maps po(x)=c, pi(x) =X, pn4a(x)=U,p.(x) define the
power algebra associated with §. A map 0:  — R is a homomorphism of power
algebras if 8(p,(x))=p.(6(x)) for all n and all x (hence in particular 8(c)=¢).

We say a power algebra B is power-associative if for each x the linear map
X: ®[A] — X given by X(A") =p,(x) satisfies

(iv) % is a homomorphism of power algebras;

(v) the kernel of £ is an ideal in ®[A).
B is strictly power-associative if all extensions Bg are power-associative. If for
q(X) € ®[A] we let g(x) denote x(g(A)) then (iv) reduces to ¢"(x)=p,(q(x)) for all n
and all ¢(}), or equivalently

@iv)" (p o ¢)(x)=p(q(x)) for all p(}), g(A) € ®[A]. From this it is clear that if B
satisfies (iv) and @ is infinite then all B, will satisfy (iv). It is not clear whether (v)
necessarily remains valid upon extension if @ is infinite, and thus whether a power-
associative algebra over an infinite field is necessarily strictly power-associative.

If we let ®[x] denote the subspace of X spanned by the p,(x)’s (so ¢ and x belong
to ®[x]) then condition (v) guarantees that we have a linear bijection of ®[A]/Ker £
onto ®[x] so that ®[x] inherits the structure of a commutative associative algebra.
This induced structure is compatible with the original, since (iv) implies the power
maps y — y" in the induced structure coincide with the original y — p,(y) for
y € ®[x]. If A is a power-associative (or strictly power-associative) linear algebra
then the associated power algebra is power-associative (or strictly power-associa-
tive). If & is a quadratic Jordan algebra the associated power algebra will not in
general be power-associative: there are examples of elements x satisfying x2=0
but x®#0. (Note that only (v) is violated; by Macdonald’s Theorem [7] (iv) is
always satisfied in a quadratic Jordan algebra. Also, (v) can only be violated in
characteristic 2.) We do have power-associativity in one important case, namely

PROPOSITION 1. If the unital quadratic Jordan algebra & contains no nonzero
absolute zero divisors (so U.,=0 = z=0) then the associated power algebra is power-
associative.

Proof. As we remarked above, (iv) is always satisfied by Macdonald’s Theorem.
For (v), clearly Ker £ is a linear subspace, and if p(A) € ®[A], g(A) € Ker £ then
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r(A)=p(AN)g(A) has U,,,= Up Uy~ (again by Macdonald’s Theorem [7])=0 (since
g(2) € Ker £ means g(x)=0); thus r(x) is an absolute zero divisor, and by hypoth-
esis this implies r(x)=0. Thus r(A) € Ker £ and Ker £ is an ideal in ®[A].

With these definitions, the results of [5, pp. 533-538], (see also [I, pp. 221-229])
carry over mutatis mutandis to power algebras. A strictly power-associative power
algebra ‘B is generically algebraic if it satisfies some monic polynomial relation
f(N) =72 fi(x)A' where the f; are polynomial functions on X (thus f,.(x)= 3 fi(x)p(x)
=0 for all x). The monic polynomial m, (X)=3 m(x)X* of least degree which is
satisfied by B is the generic minimum polynomial of R, and the degree of m,())
is called the generic degree of 8. The generic norm is N(x)=(—1)"my(x) and the
generic trace is T(x)= —m,, _,(x). We have

(1) my(x) is a form of degree m—i,

(2) mic)=(— 1™ for c the unit,

(3) 0m;_1| = —imy(x),

(4) N(y2)=N(y)N(2) if y, z € P[x].

(3) was not proven in [5], but it follows easily by differentiating the minimum
equation, d.{3 m(x)pi(x)}|=0.

Asin [5, p. 540], [1, p. 229] we can define the generic discriminant § of a generically
algebraic power algebra 3. This is a form of degree lm(m+1) where m is the
generic degree, such that 8(x)=0 if and only if m,(}) has repeated roots. We say
B is generically unramified if 8(x) is not identically zero on %8 ; this happens if and
only if there are m nonzero orthogonal idempotents in B, for Q the algebraic
closure of ®. (We say {e;} are orthogonal idempotents if the powers of any element
Xx=72 we; are given by x"=73 «fe; and this remains true in all extensions Q of ®—
for distinct o; 0 this means ®[x] is isomorphic as power algebra and as associative
algebra to a direct sum ® @- - -@ ® of m copies of the base field ®.)

For generically algebraic Jordan algebras we have the further results

(5) N(x)#0 if and only if x is invertible,

(6) N(Uyry)=N(x)*N(y),

(7) T(x oy, 2)=T(x, y - 2),

(®) T(x* x)=T(x%),

9 T(x, x)=T(x?),
where

T(x,y)=—09.0,log Nlc

satisfies T'(x) =T (x, ¢). (5) and (6) follows as in [5], while (8) and (9) can be derived
from (4) because if N admits associative composition on ®[x] then T is an associa-
tive form on ®[x] [8, formula (5), p. 76]. Similarly the argument in [8, pp. 75-76]
can be used to derive (7).

Professor T. A. Springer has asked whether the set of squares is dense in the
split exceptional Jordan algebra $(€;). This is true in characteristic #2, for then
the differential of the map x — x2 at the unit element is 27 and hence invertible.
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This argument is valid for any sort of nonassociative linear algebra with unit.
However, if we are willing to restrict ourselves to unramified generically algebraic
power algebras we can avoid any restriction of the characteristic.

PROPOSITION 2. Let B be an unramified generically algebraic power algebra over
@, p(A) € ®[A] a polynomial of degree n>0. If F: B — ® is a polynomial function
of degree m such that F(p(x))=0 for all x then F=0 if |®|>nm. Consequently,
if ® is infinite the set of p(x)’s is dense in *B.

Proof. Since Fo p is a polynomial function of degree <nm, if F(p(x))=0 for
all x € ® then F(p(x))=0 for all x in any extension B, by our assumption on |®|.
If 8(x)#0 then the generic minimum polynomial m,(}) (and hence the minimum
polynomial of x in ®[x]) has distinct roots, so x=> a;e; for «; in the algebraic
closure Q of ® and e; € Q[x] are orthogonal idempotents. The equations o; = p(B;)
can be solved for B; € Q since Q is algebraically closed and p(}) is of degree >0.
Then y=3 Be; € Q[x] has p(y)=2> p(B)e;=>, wie;=x. Thus any x with 8(x)#0 is
of the form p(y), and the set of p(y)’s contains the dense set of x’s with 8(x)#0
(dense because it is nonempty by our assumption that *B is unramified). Since F
vanishes on this dense set we must have F=0.

Taking p(A)= A% and B the power algebra associated with $(€;) over an infinite
field we see the set of squares is dense. Here $(€;) is generically algebraic of degree
3, and unramified because it contains 3 nonzero orthogonal idempotents.

2. Algebras of degree three. Throughout this section we assume J is a unital
quadratic Jordan algebra which is generically algebraic of degree 3, with minimum
equation

(10) x3—T(x)x2+S(x)x—N(x)c=0
where T is linear, S quadratic, and N cubic. We introduce a quadratic adjoint
map by

(11) xt=x2—T(x)x+S(x)c.

By power-associativity we see xx#=N(x)c, so x*=N(x)x~ ' whenever x is in-
vertible (which is whenever N(x)#0 by (5)). As usual we let x x y=(x+y)*—x#
— y# be the associated bilinear product.

THEOREM 1. If & is a unital quadratic Jordan algebra which is generally algebraic

of degree three then I=3(N, #, ¢) for N the generic norm, # the adjoint, and c the
unit.

Proof. We must first show N, #, ¢ satisfy the conditions necessary to be able to
construct J(N, #, ¢) [3, p. 499]:

(i) X7 = NX)x,
(i)  T(#,y) = 0,N|,
(12) (i) cxy=T(yec-y,
@iv) ct = ¢,
v) N =1
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It suffices to prove (i) on the Zariski-dense set where N(x)#0; there x#=N(x)x !
has N(x#)=Nx)EN(x"H)=N(x)2#0, so xt#=N(#)x#"'=N(x)}{N(x)x"1}?
=N(x)2N(x)"}(x~1)~*=N(x)x. The proof of (ii) is quite involved, so we postpone
it for a moment. Property (v) follows from (2), hence (iv) ¢#=N(c)c~*=c, while
exy=coy—T()y—T(y)c+(0.S|,)c (linearizing (11))=2y—3y—T(y)c+2T(y)c
(since T(c)=3 by (2), 2.5|,=2T(x) by (3))=T(y)c—y establishes (iii).

We now show that 2 times the relation (ii) holds,

(13) 2T (x#, y)=20,N|,.
Taking logarithmic derivatives of (6), N(U,z)=N(x)2N(z), we get

ay 10g {N( sz)}[x = N(sz)_ layN( sz)lx = N(sz)_laU(x.szi U(x)z
and
8, 1og (N(X)*N(2)} | = 28, log N|, = 2N(x)'8,N|...

Setting z=x"2, so U,z=c and {xx~2y}=x"1 o y gives 2N(x) " *0,N|,=0,-1,N|,
=T(x"'oy)=2T(x"1, y) (linearizing T(x%)=T(x,x) by (9)). Thus 20,N|,=
2T(N(x)x~1, y)=2T(x#, y) on the dense set where N(x)#0, so it holds everywhere.

We next prove 3 times (ii) holds,

(14) 3T(x#, y)=30,N|,.
Wehave T(x, ) =0,N|o-0,N | — 0,0,N | . =T(xX)T(y)— 8,8.N | x (0:0,N | ,=88,8.N .
is symmetric in x, y, z since N is of degree 3)=T(x)T(y)— 0,S(x) (.N|.=S(x) by
(3)), so

(15) 0,8 =TT (»)—T(x, y).
Setting y=x, Euler’s differential equation gives

(16) 25(x)=T(x)®2—T(x, x)=T(x)>—T(x?).
We have T(x#, x)=T(x2, x)—T(x)T(x, x)+ S(x)T(c, x) (by (11))=T(x®)—T(x)T(x?)
+S(x)T(x) (by (8), (9))=N(x)T(c) (taking traces of (10)). By (2) we get the case
y=x of (ii),

(17) T(x#, x)=3N(x).
Linearizing gives T'(x#, y)= —T(x x y, x)+39,N|,. Now

T(xxy,x) = T(x oy, x)=T(x)T(y, x) = T(P)T(x, x)+(2,S|.)T(c, x)
(using the linearized form of (11))
=T(xox, ) =TX)T(x, »)) =T(WT(x*)+TERTx)T(y)—T(x, p)}
(by (7), (9), (15))
= 2T(x?, y) = 2T()T(x, y)+ T(YT(x)*—~T(x?)}
= 2AT(x? y)—T(x)T(x, )+ SX)T(y)}

(by (16))=2T(x#, y) (by (11)). Thus the previous formula reduces to T(x% y)
= —2T(x#, y)+39,N |, which is just (14). Subtracting (13) from (14) gives (ii).

Thus J(N, #, ¢) can be defined. We note that y=c in (ii) gives

(18) S(x)=T(x#)
by (3), hence linearization yields

(19) 2,8]x=T(xxy)
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and, comparing with (15), the very useful formula
(20) T(xxy)+T(x, »)=T(x)T(y).
Linearizing (10) and noting that x3= U,x, the U-operator in § is expressible as

Ury = = Uy x+T(3)X*+T(x)x 0 y—S(x)y—(0,S[)x + (0N | )e
= —x20y+T(P)x2+T(x)x o y—T(x*)y—T(x x y)x+T(x#, y)c

(using (18), (19), (12.ii) and {xxy}=x% o y by [4, p. 1073, (14)])

= —{x#+T(x)x—T(x#)c} o y+ T(y){x# + T (x)x — T (x#)c}
+T(x)x o y—T(x#)y—{T(x)T(y)—T(x, )}x+T(x*, y)c

(using (11), (20))

= —x# o y+T(x#)y+T(y)x? —{T(Y)T(x#)—T(x#, y)jc+T(x, y)x
=T(x,y)x—x#xy

by (19), (20), and the linearized version of (11). But this is precisely how the U-
operator is defined in J(N, #, ¢). Thus J(N, #, ¢) and I both have the same
module structure, the same unit element, and the same U-operator, so they are
the same quadratic Jordan algebra.

REMARK. Note that by linearizing (12) (ii) we get T(x x y, z)=0,0,N|,, so as
we have noted before

21) T(xx y, z)=0,0,0,N|. is symmetric in x, y, z.
This will be of use later. We also recall the adjoint formulas [3, pp. 496, 501]
deduced from (12) (i), (12) (ii)

()  xtx(xxy) = Nx)y+T(x?*, y)x,
(ii) xx(x#xy) = N(x)y+T(x, y)x*#,
(i)  N(x#*) = N(x)?%
(iv)  N@xxy)+NX)N(y) = T(x*, p)T(x, y#).

(22)

3. The centroid. In this section we allow ® to be an arbitrary commutative
associative ring with unit. The centroid I'(3/®) of a quadratic Jordan algebra J
over @ is the set of all ®-endomorphisms T of § such that

(i) TU.=UT, TV.=V,T,

(23) (i) Ury = T?U,, (Tx)*=T>x*

for all x € & (if 1 € & then the second condition of each pair is superfluous). When
the ring of scalars ® is understood we just write I'(3). If we regard such a T as a
‘“scalar” y we see that U,, V, are I'-linear transformations by (i), and that x — U,,
x — x2 are T'-quadratic maps (U,,=y2U,, (yx)?=y%x%, U, ,=yU,,, by {yxzy}
=V, (yx)=yV, x=v{xzy}, and V,.=yV, by (yx) o y=V,(yx)=yVyx=7(x ° y)).
If I' were a commutative ring then § would be a I'-algebra in a natural way. Note
that always ®IcT'. We say J is central over @ if I'=®. If I' is commutative then
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the centroid of J/I' and /@ coincide with I' (hence the same holds for any
®<QcT)since all y in I are I'-linear if I' is commutative.

(24) I'(§/D)=T(§/P) if ['(J/P) is commutative.

In this case J is central when regarded as an algebra over I'.

If 1 € @ then T is just the set of T satisfying TV, =V, T, the usual centroid for
the linear algebra defined by the product x o y=V,y (this follows since the U-
structure U,y=%4{VZ— V,2}y and squaring operation x2=14 x o x can be defined in
terms of the product x o y).

For a linear algebra % the centroid is always a ring and is commutative if %
has unit 1 or if A2=9A. The situation is less satisfying for quadratic algebras.

THEOREM 2. If the quadratic Jordan algebra & has T'(3) commutative then T(S)
is a ring; conversely, if §=UsS or 2= (in particular, if X has a unit) then com-
mutativity is necessary for I'(3) to be a ring. If =3 oS or 3={3 § } or if § has
zero extreme radical then T is commutative.

Proof. Suppose S, TeI'. Then S+ T and ST clearly commute with all U, and
V, since S and T do, so they satisfy condition (i). The sticky point is (ii):
Us+nx = Usxrrx = Uset Useret Ury
= S2U,+STU, ,+T?U, = (S24+2ST+T?U,
(S+T)x)? = (Sx+Tx)? = (Sx)2+Sx o Tx+(Tx)?
= S%x24+ STx o x+T%x% = (S2+ 28T+ T?)x>
while (S+T)>=S2+ST+TS+7T?, s0o S+ TeT if and only if

(i) [S, T]x%2=0
for all x € J. Similarly Ugr,=S2T2U,, (STx)*=S2T2x? while (ST)2=STST, so
ST e I' if and only if

(iii) S[S, T1TU,.=0;

@iv) SIS, T)Tx%*=0.

Clearly if T" is commutative then by (i)-(iv) T+ S and ST belong to I" and T is a
ring. Also, if U3 =3 or =3 then the commutativity is necessary by (i) or (ii).
It is easy to see that I' is commutative if J o J=G or {§ § I} =3 since

ST(xoy) = S(xoTy) = SxoTy = T(Sxoy) = TS(x o p),
ST{x y z} ={Sx y Tz} = TS{x y z}.
Finally, we prove [S, T]§<8={ze J|U,=V,=U, =0 for all x}=the extreme
radical. We have U(ST—TS)x= USTx_ USTx,TSx+ UTSx=S2UTx_ SUTx,SxT+ USxT2=
S2U,T?*- 82U, ,T?*+S%U,T?=0 (being careful always to take S and T out of
terms like Usr, on different sides); similarly Visy_rsyx=SV,.T—SV,T=0 and
Usr-rs2,y=SUy ,T—SU, ,T=0 for all x and y, so that [S, T']x € 8.
For the case of simple algebras we have the usual

THEOREM 3 (SCHUR’S LEMMA). If' S is simple then I'(3) is a field.
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Proof. The extreme radical 8 is an ideal, and 8 # J since  is not a trivial algebra
(with all products zero), so by simplicity 8=0. Hence I'(3) is a commutative ring
by Theorem 2. All that remains is to show that each T#0 in T is bijective (note
that if Tis in " then so is T1).

We first show R=Range T is an ideal in §. R is an outer ideal (UsR<NR,
VsR<R) by (i), and it is an inner ideal (UgI <R, RZ<R) since for any y=Tz e R
we have U,3=Upr3=T2U,3<TI=R and y*=(Tz)?=T222e TJ=R. Thus N is
an ideal.

If =0 then T=0; otherwise R =5 and T is surjective. If § had a unit we could
argue similarly to show & =Ker T is an ideal; however, a simple algebra need not
be unital, so we will have to use a different argument. We will show § is contained
in the extreme radical 8 if T is surjective, hence 3 =0 implies £ =0 and T is bijec-
tive. So let T (and hence T?) be surjective, and consider z € &: 7z=0. We have
U3 =U.T*3=Up3=0, V.3=V.T3=V2.3=0, and U, .§=U, .T3=Ur,.3=0
so that U,=V,=U, =0 for all x and z € 3.

Note that simplicity is independent of the ring of scalars: & is simple as an
algebra over @ if and only if it is simple as a ring (i.e. an algebra over Z). Clearly
if  contains no proper Z-ideals it contains no proper ®-ideals, and conversely if
it contains no proper ®-ideals then for any nonzero Z-ideal &, ®& is a nonzero
®-ideal, hence PR =3, hence J= UsJ = UpaJ = Ua @I < UgF < R if R is a Z-ideal,
so ®=3. In this case (indeed, whenever the centroid of §/Z is commutative) the
centroid is also independent of the ring of scalars:

25) I(§/Z)=T(3/®P) if § is simple.

In the case of unital linear algebras we identify the elements y of the centroid I'
with the elements yl of the algebra by ineans of y=L,;. For unital quadratic
algebras there is no analogue of left multiplication (unless € @), so we cannot
identify the transformations with the elements. However, we still like to think of
the elements of I" as having many of the properties of elements of §. For example,
if o is an automorphism of & we can apply it to elements of the centroid just as we
can apply it to elements of the algebra.

PROPOSITION 3. The mapping T — T° =0 o T o 6~ defines a representation of the
automorphism group Aut (I) of I as a group of automorphisms of the centroid I'|/®;
the kernel of the representation is the subgroup of I'-linear automorphisms. The
representation on I' commutes with the representation on  in the sense that

(Tx)° = T°x° (TeT, xeg, o€ Aut (3)).

Proof. T7x°=(0 0 T o 07 1)x"= (0 o T)x=(Tx)’ defines the action of o on T. Thus
T7U,y? =T°(Ury)’ =(TUyy)" =(U:Ty)’ = Uso(Ty)" = UeT?y° shows T°U,=U.T*
for all z=x7; similarly T°V,=V,T°, so T’ satisfies (23) (i). For (23) (ii) we have
Urory? = Usrrp ¥ = (Urxy)” =(T?Uy)* =(T°)?Us7 y° 50 Upo,=(T°)*U. forall z=x”,
and similarly (772)2=(T°)2z%. Thus T° belongs to I'. Clearly T°*=(T°)* (beware:
or=mou) and (To S)=T°0 8% (T+S)°=T°+S° («T)’=aT’ for a€ ®, so
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T — T° is a representation. 7°=T for all T if and only if Tx°=T°x°=(Tx)’ for
all Tin T, i.e. o is I'-linear.

The outer centroid T'o(F)=To(F/P) is the set of ®-linear transformations on &
which commute with all U, and V,; it is just the centralizer of the multiplication
algebra M () (generated by @7 and all U, and V,). Thus I'o(§) is always a ring
(not necessarily commutative) containing the centroid, but in general there is no
way of making § into a I'y-algebra. We say J is outer-central if I'((§)=®. This is
stronger than just being central, though if £ € ® then I'y=1I" and the two notions
coincide.

An easy calculation shows

PROPOSITION 4. If §=P G, is a direct sum of unital algebras J; then T'(I)=
P T and To(S)=P To(3). If I® is an isotope of & then T(I®)=I(J) and
l_10(3(“)) =T'(Q).

(We need the units 1; € J; so the projections U,, of § on J; commute with T’
and T'y; the result for isotopes follows from the symmetry of isotopy [4, p. 1076]
and the formulas U®=U,U, and M(3*)=M(3).)

PROPOSITION 5. If & is an algebra over a field ® then for every extension Q of ®

we have
(1) T'o(F)=To(Sa;

(i) T@Fe)>T'R)e, T =I(Ja) N End, (I);

(i) To(Q)=T(Q) if and only if T'((Ja) =T'(J0)-

Proof. Since the U, for x in § span both Us (over ®) and Ux, (over Q) we have
(i). T € End, (3) satisfies (23) (i), (i) on & if and only if its extension to J, satisfies
them on Jq, so I'(F)=T(Ja) N End, (I) (interpreting this in the natural way)
and hence I'(§)q<=TI'(8q), establishing (ii). Finally, if T'y(§)=I(3) then T'y(Jq)
=To()a=T(S)a = I'(Ia) by (i) and (ii), and since we always have I'o(Jo)> I'(S0q)
we see ['y($) ='(Sq). Conversely, if I'y(Ja)=I'(Sq) then T'(F) =T'(Sq) N Endy ()
=T'(Ja) N Endy ()= o(F)a N Endg (F) = o(I).

We compute the centroid and outer centroid for an important class of algebras.

PROPOSITION 6. If D is a unital alternative algebra with involution *, D, a sub-
space of *-symmetric elements of the nucleus containing 1 and such that d®,d*<D,
for all de D, then the Jordan matrix algebra J=9(D,, Dy, v) for n23 (regarded
as an algebra over Z) has T(J)=To(Y) = QI where Q is the set of elements w in the
center of ® such that wD,<D,.

Proof. Since H(D,,, Dy, y) is isomorphic to an isotope of H(D,, D,) [4, p. 1077],
and since I' and Ty are independent of isotopy by Proposition 4, we need only
consider F=H(D,, Do).

D can be regarded as an algebra with involution over the commutative algebra
Q (note Q<D so w*=w for all w e Q); it is clear that all mappings in QI (all
“scalar multiplications” by elements of Q) belong to the centroid, QI<T'(3).
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Conversely, suppose T belongs to [',(¥). Then it commutes with the Peirce
projections relative to the idempotents e;=1[ii] (here x[ii]=xe; for x € D,
x[ij]=xe;;+x*e;; for x € D if i#j where the e,; are the usual matrix units), so the
Peirce spaces J,;=D[ij] (i#j) and §,;=2,[ii] are invariant under T: T(x[ij])
=T,(x)[ij] for linear maps T,;: Dy, and T;;: D - D. If /, j, k#  then
T(x[ij] > yUkD=(Tx[ij]) o yljk]1=x[ij] < (Ty[jk]) and the formula x[ij] e y[jk]
=xylik] gives Ty (xy)=Ti(x)y=xT,;(p). Taking x=1 or y=1 we see T;,=T;;=Tj,
for i, j, k# ; by our assumption n2 3 this implies all T}, for i#j have a common
value T, where To(x)=tx=xt for t=Ty(1). Similarly T(x[ii] o y[ij]) =(Tx[ii]) o y[ij]
for x € @y, y € D gives Ty;=T;;=T,. But then t=Ty(1)=T(1) € D, implies ¢ is in
the nucleus, so tx=xt for all x guarantees ¢ is in the center, and T(D,)<=D,
implies t2,=®, and te Q. Thus T is just scalar multiplication by € Q, and
TeQl

This shows I'y(§)< QI<I'(F), whence equality I'y(F) = QI=T(J).

4. Simplicity under extension. Our structure theory tells us what the central
simple algebras over an algebraically closed field look like, so if we knew that a
central simple algebra J over ® remained simple when we passed to the algebraic
closure Q we would know that & was a form of one of the standard algebras. In
this section we will establish conditions under which simplicity will be preserved
under extension.

ExaMPLE. Simplicity is not always preserved. Let Q be a nonperfect field of
characteristic 2, Q,=Q? the (proper) subfield of squares. Then by Proposition 6
I=9H(Q,, Qo) for n23 is a central simple Jordan algebra over Q,. We claim
Ja=Q ®gq, J is not simple, or even semisimple. Thus extension may not even
preserve semisimplicity, in sharp contrast to the case of central simple linear
algebras. In fact, if we Q but w¢ Q, then for i#j the element z=w ® 1[ij]
—1 ® w[ij] is nonzero (we are tensoring over Q) and yet U,=0, so S, contains
absolute zero divisors, hence is not semisimple [9, p. 678].

The difficulty is that simplicity of & is not equivalent to irreducibility of  under
the multiplication algebra M (J), as it is in the case of linear algebras. The invariant
subspaces of M(J) are precisely the outer ideals, and an algebra without proper
ideals may have proper outer ideals. (In the example $(Q,, Q,) above the space
§t of all matrices with zeros down the diagonal forms a proper outer ideal.) We
say J is outer-simple if it has no proper outer ideals—this is stronger than simpli-
city, though the concepts coincide in characteristic #2.

THEOREM 4. If  is outer-simple and outer-central over ® then so is any extension
Sa= Q Qo -

Proof. To say that there are no proper outer ideals and that I'y(3) = ® means that
M () acts irreducibly on § with centralizer ®. We must show that M (Jq) =M (J)a
acts irreducibly on Jq (hence Jq is outer-simple) with centralizer Q (hence g is
outer-central). But this is a consequence of the well-known associative result
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Lemma 1 [10, p. 292, THEOREM 3]. If U is an associative algebra over a field ©,
I a left A-module such that the centralizer of N on M is just O, then for any ex-
tension Q> @ the centralizer of g on My, is just Q. If M is faithful or irreducible,
so is My,

The proof is an application of the Jacobson Density Theorem.

PROPOSITION 7. Let D be a composition algebra with nondegenerate trace form
over a field ®,= Q. Then the Jordan matrix algebra H(D,, D,, y) for n=2 is outer-
simple as a ring (i.e. as an algebra over Z).

Proof. Again we may assume J=$9H(D,, D,) by passing to an isotope, since
outer ideals in ¥ and its isotopes coincide. Let & be a nonzero outer Z-ideal. As
in the proof of Proposition 6, & has the Peirce decomposition =@ ,_; i
relative to the diagonal idempotents. & is invariant under the Peirce projections
E;=U,, E;=U,, . and hence =@ &, for ;=8 N F;;. We first show some
f,;#0 for is#j. Since ®#0 either some K;,#0 or some ®;#0, and if x[ii] € &;
for x#0 in D, then xD[ij]=x[ii]o D[ij]=K;; with xD#0 since xe Dy=Q is
invertible. Next, if &;;#0 we show e;, e; € . We have d[ij] € &, for some d#0,
so by nondegeneracy of the trace form there is d’ € ® with ¢(d, d’)=1. Hence &
contains d[ij] o d'[jil=t(d, d’)(e;+e;)=e;+e; and thus both e; and e;. Once e,
belongs to & so do all I;,=e¢; o J;;, hence by the above all of the e;, hence all of the
S for j#k. If t(d)=1 then t(wd)=w for any w € Q, s0 w(e;+e,)=1[ij] o wd[ji]
€ ®, hence we; € &, Qe,<f®y;, and K=F.

PROPOSITION 8. If §= 3, is a direct sum of unital algebras such that every outer
ideal in §; is an ideal, then every outer ideal in G is an ideal.

(If & is outer then & is invariant under the projections U, of § on ;, hence
K= &, for &, outer in K.)

5. Simplicity under extension for exceptional algebras. Here we want to estab-
lish that for exceptional algebras, at least, extensions always preserve simplicity.

Recall that J is special if and only if the natural homomorphism su: § — su (3)*
of & into its special universal envelope su (§) is injective [4, pp. 1073-1074]. If &
is exceptional then su is not injective; if  is also simple then su must be zero. Thus
every exceptional simple Jordan algebra is purely exceptional in the sense that
su (3)=0. If & is purely exceptional, so is any extension J, and any homomorphic
image §=3/® (® an ideal) since su (o) =su (3)q and su (3/8)=su (3)/{’ where
' is the ideal in su (3) generated by the image of K.

First we recall the standard

LemMA 2 [10, p. 295, LEMMA 2]. If X is a vector space over a field ®, Q a Galois
extension of ®, then any subspace B of Xq invariant under the natural action of the
Galois group G(Q/®) on Xo=Q ® X is of the form Vg for D= N X.
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From this we obtain

LEMMA 3. If § is an exceptional finite-dimensional simple Jordan algebra over a
field ® then for any Galois extension Q of ® the algebra g is semisimple, and either
(i) an exceptional division algebra;
(ii) a reduced exceptional algebra $(Cs, y);
(i) a direct sum of two or more exceptional simple summands of type (i) or (ii).

Proof. Applying Lemma 2 to 8=Rad §, (which is invariant under all ring
automorphisms, hence under G) we see B =), for Y= N Rad Jq; by [9, p. 678]
Rad Jq is nil in the finite-dimensional case, so § N Rad g is a nil ideal in §
which thus cannot contain 1 and hence by simplicity must be zero. From 9 =0
we see B=Rad Jo=0 and J, is semisimple. It is also still purely exceptional. By
the structure theory [4, p. 1079], [9, p. 678] if J is simple and exceptional it is of
types (i) or (ii) above, while if it is not simple all its simple summands are excep-
tional (any direct summand of a purely exceptional algebra is purely exceptional).

LeEMMA 4. If  is an exceptional finite-dimensional Jordan division algebra over a
field @ then there is a Galois extension Q of ® such that Jq is no longer a division
algebra.

Proof. Suppose on the contrary that § is a division algebra for all Galois Q.
Note that the same holds for J, over Q since (§q)p =Fp with P/® Galois if P/Q
and Q/® are. In particular, replacing ® by some suitable Q and § by S, if necessary
we can assume the base field contains more than three elements. If some x € &
satisfied a separable polynomial over ® we could take Q to be a splitting field of
this polynomial; then there would be elements in Q[x]<J, which are no longer
invertible. This is impossible, so no element can satisfy a separable polynomial,
and every element must satisfy a purely inseparable polynomial.

Consider the algebraic closure Q of ®. Rad Jq is nil and S, is unital, so Fo/Rad Jq
is a nonzero finite-dimensional semisimple purely exceptional Jordan algebra over
the algebraically closed field Q; by the structure theory it is a direct sum of one or
more split exceptional algebras $H(€;). All we need to know is that o has a homo-
morphic image Jo=9(C;). Since any x € is purely inseparable, x*°=el for
ae @, x=B1+z for B e Q and z nilpotent in Jg. Then x¥=pg*1 4z, with nilpotent
z, for any k, and this remains true in Jq: ¥ =pg*T+7, for %, nilpotent. Now in
$(C;) the trace of any nilpotent element is zero and the trace of T is 3, so ¢(«1 + )
=3«. From this we get the relations

HX)? = 3t(x?), 1(x)° = %u(x®)

for all ¥ 3. By our hypothesis that ® contains more than three elements, these
relations remain valid for all j € J, (note § spans I, over Q). Setting y=e, = j2
in H(C;) we see 1=1(y)*=31(7%)=3, so the characteristic is two. Then #(7°)
=t(F)P=1(7)*t(y)=t(7)1(p), so setting yj=e,+we, for we Q we see 1+w?
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=(l+w?)(1 +w) so that w?+w=0 for all w in the algebraically closed field €,
which is ridiculous.

LEMMA 5. If § is an exceptional finite-dimensional simple Jordan algebra then
L(§)=To(8) and G is outer-simple when considered as a ring.

Proof. If not, choose a § of smallest possible dimension over its center ® such
that T'(J)#'o(F) (respectively such that § contains a proper outer ideal &, i.e.
an outer ideal which is not an ideal). By Proposition 5 (resp. by the fact that $,
is outer but not an ideal in §g) the same is true of any §,. By Lemma 4 we can
choose a Galois Q so that Jq is not a division algebra. Also, 3, is not reduced since
Iy=T for $(C5, y) by Proposition 6 (resp. since $(€;, y) contains no proper outer
ideals by Proposition 7). Thus by Lemma 3 (iii) o must be a direct sum of reduced
exceptional algebras or exceptional division algebras of lower dimension over Q
(and hence even lower over their centers) than & over ®. By minimality of ¥ these
division algebras $; have I'(3;)=T'o(3;) (resp. all outer ideals in &, are ideals), as
do the reduced algebras again by Proposition 6 (resp. Proposition 7), so by Propo-
sition 4 (resp. Proposition 8) I'(Iq) =I'o(3a) (resp. all outer ideals of , are ideals),
which is a contradiction.

Putting all the lemmas together,

THEOREM 5. If & is any exceptional finite-dimensional central simple Jordan
algebra over ® then § is outer-simple and outer-central, so any extension g remains
central simple.

Proof. This follows from Lemma 5 and Theorem 4 (recalling (24) and (25)).

THEOREM 6. Any exceptional finite-dimensional central simple Jordan algebra is

a form of H(C3).

Proof. We apply Theorem 5 with Q the algebraic closure; as noted before, by
the structure theory 3, must be a reduced exceptional algebra $(Cs, y); over the
algebraic closure € is split, so we can take y=1.

We can adopt a different approach. Rather than proving that certain Jordan
algebras remain central simple under all extensions, we can show that all Jordan
algebras remain central simple under certain extensions.

THEOREM 7. If & is a finite-dimensional central simple Jordan algebra (not neces-
sarily exceptional) over @ then  is central simple over Q for any Galois extension
Q of O.

This is enough to obtain Theorem 6: by Lemma 4 we can choose Q so that 3
is not a division algebra, and Jq, is still simple by Theorem 7, so by Lemma 3 3o
is a reduced $(C;, y). Then § is a form of H(C5).

Proof of Theorem 7. By Lemma 3 3, is still semisimple,

(*) Sa = ééo f;
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where the ®; are simple unital Q-ideals. Each g in the Galois group G=G(Q/D)
induces a ®-linear automorphism of §g by (w ® x)?=w? ® x such that & is pre-
cisely the set of fixed points of G. Thus each conjugate &7 (g € G) is an Q-ideal
which is ®-isomorphic to &;, hence in particular is simple. But the only simple
ideals in 3 are the ®; since any ideal & is a direct sum of certain &;: if e, is the
unit for &; then =U,8=U, 8D ---@® U, K where U, =8 N K, is either K,
or 0. Thus g permutes the ideals &;: &= 8&,;,. These permutations act transitively:
K=>2,cc 8 is a nonzero ideal in &, which is clearly G-invariant, hence by Lemma
2 3 N & is a nonzero ideal in §; by simplicity N 8=, FSRK, Fo<& s0 Jo=8&
=3 83 and every K, appears as a conjugate &%: for some g;. If we let

H=1{heG| QL = R}

then there is a 1-1 correspondence between cosets Hg and the ideals &; given by
Hg «— &§.

Consider the centroid Q,> Q of & (as a ring); by Theorem 3 this is a field. Since
H acts (by restriction) as a group of ®-automorphisms on &, it also acts as a finite
group of automorphisms on the centroid by Proposition 3, so let ®,>® be the
fixed field of H. Since g; is a ®-isomorphism of &, onto &;=89: it induces a P-
isomorphism of the centroid Q, of ®, onto the centroid Q; of &;. For T, € ®, set
T=@, T§e @ I'(])=T(Ja) by (*) and Proposition 4. We claim 7¢=T for all
g€@G,i.e. Tog=goT:itisenoughto verify thisonx; = x§in & = &g, and T'(x?) = T (x§?)
=Tg“x3¢ (since T=T§ on &), noting that T>=T, for h in H by definition of ®,)
=(Tox0)° =(T§ix§)? =(Tx;)°. But this implies T(J)<=S: x belongs to & if and only
if x9=x for all g, in which case (Tx)?=T9x°=Tx implies Tx belongs to § too. By
Proposition 5, T € I'($) N End, () =I'($). But we are assuming that § is central
over @, so T=al for some o € ®. Hence its restriction T, to 8, is also al, To=caf
€ @I for all T, in ®,. This shows ®,=®. Thus H acts (perhaps not faithfully) as
a finite group H of automorphisms of the field Q, having fixed field ®. By Galois
theory [11, p. 29, Theorem 5] this implies @ is of finite codimension in £, and
[Qo: ®]=[H:1]. But then

[G:1] = [Q:®] £ [Q,: @] = [H:1] £ [H:1] £ [G:1]
implies H=G and Q,=Q so that Jo =8, is simple with center Q.

6. Forms of H(C;). Our goal is to show that the two Tits Constructions yield
precisely all exceptional finite-dimensional central-simple Jordan algebras. By
Theorem 6 we may restrict our attention to forms of $(€;). Let us first note some
properties of $(€;) which are inherited by any of its forms J:

(i) § contains no nonzero absolute zero divisors;

(ii) & is exceptional and central simple;

(iii) & is generically algebraic of degree 3 and 27-dimensional over its center.

Also, as we have seen many times, & is either a Jordan division algebra or a
reduced exceptional algebra H(Cs, y).
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The basic fact that makes the constructions work is

LEMMA 6. Any form  of the split exceptional algebra contains a subalgebra & of
the form U+ for A a central simple associative algebra of degree 3 over ®, or of the
form H(U, *) for W central simple of degree 3 over a quadratic extension Q of @,
with involution * of second kind having ® as fixed field.

Proof. We first want to get rid of the case where @ is finite. In this case the cubic
norm form N(x) in 27 variables has a nontrivial zero by a theorem of Artin-
Chevalley: N(x)=0 for x#0. Since J is generically algebraic this means x is not
invertible (see (5)), and  is not a division algebra. Hence & is reduced.

We might as well settle the reduced case in general (whether @ is finite or not).
If 3=9(C3, y) let D be a 2-dimensional composition subalgebra of the Cayley
algebra €. If D is split, ® = Of; + Of, for f;, f, orthogonal idempotents with fF¥=f,,
then € is split and we could assume y=1, §=H(€;). In this case I contains a sub-
algebra & isomorphic to H(D3)=H(P @ D);). Now the map

p 3 3
(26) (o;) —> z ;85 + Z (o f1+ o fo) e+ €xs)
i=1 -1

((ijk) a cyclic permutation of (123)) is an isomorphism of ®3F onto H((P B D),).
Using Theorem 1 and the fact that a nondegenerate norm determines the adjoint
as in (12) (ii), it is enough if (1) =1 and N (¢(x))=N(x); the first is clear, the second
follows from N(p(x))=a; az000,— 21 %ii(0xoes) + (cgattar 12 + “320‘130‘21_) =det ()
=N(x) by [3, p. 502]. Thus & %A * for A= D,. In case D is not split it is a quadratic
field Q with involution of second kind, so & contains & ~ H(Ds, y)=9(Qs, )=
H(A, *) where A=Q; is central simple of degree 3 over Q and the involution
x*=y"1x'y (y=diag {yy, va, ys} for y; € @) is of second kind on % with fixed field .

So now assume @ is infinite. We set out to find elements x, y in § which generate a
subalgebra §t = ®[x, y] of the desired form. If the discriminant 8(x) (see §1) vanished
identically on & it would vanish identically on any Jg, since @ is infinite, which it
does not (some S~ H(€5)), so we can fix an x in § with §(x)#0. Such an x has
distinct characteristic roots, so in some o we have x=«,e; 4 aye,+aze; for
o; € Q, e; nonzero orthogonal idempotents in Q[x]. We can use the e; to coordina-
tize Jq, 50 I~ D(€;) where the e; correspond to the diagonal idempotents e;;.
Then any y in & (or Jq) has the form

*) y = Be+ bljkl.

We have a polynomial map § — Q by F(y)=n(b,)n(b,)n(b;) where n is the norm
in €. F cannot vanish on all y € § since then its extension to &g would vanish identic-
ally, which it does not (take y with b, =b,=b;=1). Thus for y in the dense set
F(y)#0 the b, in (*) are all invertible. We can use b3[12] and b,[31] to recoordina-
tize Jq as (€3, ) so that x still has the form x=3 o,e; but y looks like

** y= Z,Biei+l[12]+1[3l]+b[23]
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for some b € €. In this case Q[x, y]~ H(Ds, y) for D= QI + Qb. Suppose D is not
a 2-dimensional composition subalgebra of €. Then some z=al +8b has n(z)
=t(1, z)=t(b*, z)=0, where « and B are not both zero (though z may be zero).
We cannot have =0, or else z=«al for «#0 would have n(z)=«?#0. So 8#£0,
and t(1, z)=0 = t(b)= —20f~1; similarly ¢(b*, z)=0 = 2n(b)= — B~ 1t(b) = 4n(b)
=t(b)%. Thus if D is not of dimension 2 or is degenerate we have G(y)=4n(b)
—1(b)2=0.

Now G is a polynomial function of y (even though the coordinatization (**)
in which b appears changes along with y), since in terms of the original
fixed coordinatization (*) we have n(b)=n(b)n(by;) ‘n(b;)~* and t(b)=
t(bibgbs)n(by)~tn(bs)~1. If we choose y in & so that F(y)#0 and G(y)#0 then
£ =0[x, y]has 8= Q[x, y] = H(D3, v) for D a 2-dimensional composition subalgebra
of €. By assuming Q is algebraically closed we get ® and € split. Hence by the calcu-
lations for the reduced case, 5=Q;. Thus R,=9(su (!®), #) and hence &=
H(su (8), 7) by [2, pp. 208-210] where su denotes the special universal envelope
with main involution =. Since su (f)g=su (Rg)=Q; @ QF with center QP Q a
quadratic extension of the fixed field Q of =, su (&) is either a central simple algebra
A of degree 3 with center a quadratic extension of the fixed field ® of = (so = is of
second kind), or else it is a direct sum %A @ A° of a central simple algebra A of
degree 3 over @ with its opposite algebra A° (where = is the exchange involution).
Then ®=9(AU, *) or A* as asserted.

THEOREM 8. If & is a form of H(C3) which contains a subalgebra of the form A+
Sfor U central simple of degree 3 over ®, then I~ J(Y, w) for some p € .

Proof. The motivation for the proof is roughly as follows. Recall [3, p. 507]
that (Y, p) is given by

(27) 3(‘2[’ ,“-) =AU DA DA

where the ¥; are copies of U, and where the norm N, adjoint #, and trace T of
J(, p) are

(28) N(a, b, c) = n(a)+ un(b)+ 1~ n(c)—t(abc),
29) (a, b, ¢)* = (a* —bc, u~*c* —ab, ub* — ca),
(30) T((a, b, c), (@, b, c)) = t(a,a')+t(b, c')+1t(c, b")

for an element (g, b, c¢) of the direct sum, in terms of the norm n, adjoint #, and
trace ¢ on A. The given subalgebra A* will be our U, and we must find subspaces
of our G that act like %; and %,. The idea is that %, (or A,) is determined precisely
as the subspace of the orthogonal complement % of %, under T which acts like a
left (or right) Ay-module under the composition a-m= —a xm (or m-a= —a x m).

Now for the proof. Since J,~ H(€;) is generically algebraic with nondegenerate
trace form, the same must be true of § itself. Given a subalgebra of the form A+,
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let M =A* be the orthogonal complement of A relative to T(x, y) (we regard U as
imbedded in & in such a way that the operations in A* are induced by those in §;
hence the generic norm and trace in % are those induced by &, consequently
T(x, y) is nondegenerate on A). We note that A x M< M =A* since T(A x M, A)
=T(M, AxA) (by (21)) =T(WM, AH)<T (M, A)=0. Thus

Sg:m— —axm
defines an endomorphism of M for each a in A. We claim
S:a— S,
is a specialization of 2 in End (M). The condition
Sk =1
follows from S.m= —cxm= —T(m)c+m=m because T(M)=T(M, ¢)=0, and

S(aba) = S(a)S(b)S(a)
follows from

Sepam = —(aba)xm = —{T(a, b)a—a#* xb} xm (because of Theorem 1 for A ™)
= —T(a, b)ax m+m x (a* x b)
= —T(a, b)axm—ax({axm}xb)+(6,N|)b+T(a, b)ax m+T(m, b)a*
(linearizing (23))
= —ax(bx(axm))+T(m, b)a* +T(a?, m)b (by (12) (ii))
= —ax(bx(axm)) (since mis orthogonal to a#, be ) = S,S,S.m.

The special universal envelope of A+ is su (A+)=A D A° as noted before (the
argument in [1, p. 210] extends to quadratic Jordan algebras, by remarks in
[6, p. 1333]). Thus the specialization S: %A* — End (M) extends uniquely to a
homomorphism (again denoted by S) of associative algebras % @ A° — End (M).
But then S=S; @ S, where S(a @ b°)=S,(a)+ S(b); here S;, S;: A — End (M)
are homomorphisms and antihomomorphisms respectively satisfying S,(a)Sz(b)
=S5(b)S1(a)=0 for all a, b € A. We get I=S(c)=S,(c)+ Sy(c)=E, + E, where the
E;=Si(c) are supplementary orthogonal idempotent operators. This leads to a
decomposition

(31) M=M, @ M,
for M; = E(M). Since Sy (a)=0 on M,=S,(c)M (i#j) we may regard S; as a homo-
morphism or antihomomorphism of % into End (9;). This turns M, into a left
and M, into a right A-module by a-m;=—axm;, my-a=—myxa.

This implies a x (b x m) equals —(ab)xm on M; and —(ba)xm on M,. This
intrinsically characterizes ¢, and M,

M, ={meM|ax(bxm)= —(ab)xm for all a, b e A},

(32) My = (meM | ax(bxm) = —(ba)xm for all a, b € A}.
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To see this, let MM; denote the right hand sides of (32). Then 9M; is a subspace of M
containing I;, and if we can show M N M;=0 then M=M; @ M; and M;=M,
by (31). But if m € M; N My, then (ab) x m=(ba) x m for all a, b, so [a, b]=ab—ba
belongs to Ann (m)={ae A | axm=0}. By (32) Ann (m) is a 2-sided ideal in A
containing all commutators. Since U is not commutative, this ideal is not 0, and
since U is simple it must be all of 2. But then ¢ € Ann (m) implies m= —c¢ xm=0.

Next we wish to establish

(33) ME<M, (i#)),

(34) N(M™m)+#0.

It would be desirable to have an intrinsic proof of this, but we will settle for the
following field-extension argument. We claim it is enough to prove (33) and

(34)" T(M,;, M, x M,)#0
in some extension 3. For the M,(y,) determined by g, in §, are just M;, because
of the linearity of the criterion (32), so if M(A)# <M ,(Ag) we will have MF< M,
Also, since (34)' is linear it will hold in  if and only if it holds in Jo. We claim that
(34)" implies (34): if N(M,)=0 then for any m;, m;, m; in M; we would have
0=N(m;+m;+m])— N(m;+m;)— N(m;+m;) — N(m] + m)) + N(m;) + N(m;) + N(m})
=T(m;, m; x mj) by (12.ii) and (21). Thus if (34)’ holds in I, we will have (34)
in .

Let us then digress to examine the situation in 3. If § contains R ~A* we may
choose Q algebraically closed so Jq contains o~ U4 ~ QF. We can use the e;
and e;;+ej; of Qz to coordinatize both J, and K simultaneously, so o~ 9(€3)
and 8,2 H(D;) for D=Qf; + Qf; a split subalgebra of the split Cayley algebra €.
The f; are orthogonal idempotents with [} =f;; relative to them we have the Peirce
decomposition €=C;; @ €, P €, @ €, with €;;=Qf;. We can choose x;, X5, X3
in € so that the fix,f; (s=1, 2, 3) are a basis for €, and the f,x,f; a basis for €,;.
We know

My = Ko = {Z aiei+z a[jk]| a; €€y, +@22}
= {Z aiiei+z (T +°‘kff2)[jk]}
is $(D;) and isomorphic to Q3 under my, — (ey;) by (26). Also

w, = {3 40k bt = {3 (3 ufirf ) 1}

is linearly isomorphic to Q3 under m; — (8;;). Similarly

= {3 alik) ] e} = {3 (3 vusinss i}

is isomorphic to Qg under my; — (y;;). We claim the M, are the M,(Q;) we are
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looking for. The operators in $(€;) are given by the Freudenthal Construction
[3, p. 502], so for x=> we;+ > a[jk]

xt = > {wo.—n(@)le+ D, {(aa)* —wa}lik],

T(x, J’) = Z ai/gi+z t(ai*’ bi)

Thus —mqoxm; =3 n(a, b)e,+ 2 {ab,—(a;b.+b;a,)*}[jk]. Now n(a, b)=1(a*, b)
and €, +C,, is orthogonal to €,,+C,; under ¢, so n(a;, b;)=0. Also b*= —b on
C12+Cyy, 50 —mgxmy =2 {ob, +byaf +afb}[jk]. If mo — (ey;), my — (B;) then

wbi+ ba +ath, = aﬁ{z Bufoxs f1}+{z Busfos fl}(ak, Fototy)

(i fot ocjiﬁ){z BisSfoXs fl}
= Z (@isBis + ctiiBies + 2i859) faXs 1

so that —mg xm; — (Bi)) for Bis=2; auPs, 1.€. (Bi;)=(c;)(Byy). Similarly —mgyx mq
—> (y;;)(es;). This shows that I,, M, are the spaces which act as left, right Q-
modules. To verify (33), note that m#¥ =3 (a,a,)*[jk] belongs to M, since n(€,,)=0
and (€,,C,,)*=C},=C€,,. Similarly ME<M,. As for (34), if myxmi=3 b[jk]

"

for b;=(aja) +aja,)* then
T(my, myxm?) = > t(a}, b) = > t(a¥, @a,+dja)*) = > t(a, diaj+a}a;).

Since we can find a;, a3, a3 in €, with #(a,, aza3)#0 we have established (34)’.

Having established (33) and (34), choose m;, € M; with N(m,)=u#0. Then
my=p~'m¥ belongs to M, by (33) and has N(my)=p 3 N(m¥)=u"3N(m,)? (by (22)
(iii))=p"L If ae A then axm;=0 = 0=m{ x (m; x @)= N(m)a+ T(m¥, aym; (by
(22) (i)) = N(mj)a (since m¥ € M, is orthogonal to A) = a=0. Thus the map a —
S.my= —axm; is injective. This gives us an isomorphism of A with A, =A-m,
as left A-module and with A,=m,-A as right A-module. Setting A, =A we get
dim (Ao ®A; D U)=9+9+9=dim A,=dim (A D M, ® M,) since § is a form
of H(€;). Thus

(35) M =A =Am, My = Ay = my- A, = DA D As.

If we let «; (i=0, 1, 2) denote the image of a € A in A; under the above isomor-
phisms we claim

(36) N(ao) = n(a),  N(a)) = pn(a), N(a) = p"'n(a).
The first follows since A* =%, is imbedded in &, the others because N(ax m;)
+N(a)N(m)=T(m¥, a)T(m;, a*)=0 by (22) (iv), so N(—axm)=N(a)N(m;).
Note by (33) that T(UAF)<=T(N,;)=0 for i, j=1, 2 implies T(A; x A;)=0; we have
seen before that T(,)=0, so from (20)

37 T, A)=0.
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Hence (33), (37), and orthogonality give

(38) T(af, by+c)=T(b¥%, co+ao)=T(c¥, ap+b,)=0
for any a, b, ¢ € A. We claim further

(39) T(aq, by x c5)= —t(abc).
We have

T(ao, by x c5) = T(a, (bxm;)x (cxmy)) = p~ T(ax(bxmy), cxmf)
—p " T ((ab) x my, cxmf) (by (32))

—p " T({(ab) x my} x m¥, ¢)

—p " T(N(my)ab+T(my, abym¥, ¢) (by (22) (i))

—T(ab, ¢) (since N(m,) = p and m, is orthogonal to ab)
= —t(abc)

since T coincides with the associative generic trace form ¢ on .

These formulas allow us to establish the theorem. By Theorem 1 we know
I=3(, #, c¢) for N the generic norm, # the adjoint, ¢ the unit; since N is non-
degenerate, # is uniquely determined by N from (12.ii), so [3, p. 504] I=J(N, ¢).
But J(W, ¢) and $(, u) (for p=N(m,) as above) both have the same vector space
structure A, @ A, D A, by (35), the same unit c=1PH 0 @ 0, and the same norm
form (28)

N(ag+b,+cy) = N(aog)+N(b)+N(co)+T(af, by+co)+T(b¥, ca+ap)
+T(c¥, ap+b,)+T(ag, by X cs)
= n(a)+ pn(b)+ pn~*n(c)—t(abc)

by (36), (38), (39). Thus (N, ¢)=J(Y, r) as claimed.

Recall [3, p. 509] that one way of defining the algebra J(, u, u, *) given by the
Second Tits Construction is the subalgebra $(J(, ), *) of F(2, r) fixed by the
semilinear involution

(40) (a, b, uc) — (a*, c*, ub*).

THEOREM 9. If S is a form of $(€;3) which contains a subalgebra of the form H(NU, *)
for A central simple associative of degree 3 over Q with involution * of second kind
having © as fixed field, then 3=3(, p, u, *) for some p € Q and u e H(U, *) with
n(u) = pp*.

Proof. We have Q=®+A® where A+A*=1, and A=9+1H=Q R 9 for
H=9, *). Thus Jo=0 R I=J+AJ contains a subalgebra of the form A*.
By Theorem 8, Jq = J(N, w) for some n € Q. Note also that the involution * on Q
extends to an involution * ® I on Q ® J=Fq, which we will continue to call *
because it coincides with the original involution on A=Q & $. We examine how
this involution acts in Jo=3(A, W)=, D A; @ A,. We claim AF<A,, since if
ax(bxm,)=—(ab)xm, for all a, be, then (since the semilinear involution
preserves generic norms and adjoints) a* x (b* x m¥)={a x (b x m,)}* = —{(ab) x m,}*
= —(ab)* x m¥ = — (b*a*) x m¥ (remember that * reduces to the original involution
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on A=A,); this holds for all a*, b* in AF=U,, so m¥ € A, by (32). Similarly
A¥<A,. Thus (0, 1, 0)*=(0, 0, ») and (0, 0, 1)*=(0, v, 0) for some u, v e A. But
using (28) we see pu~'n(u)=N(0, 0, u)=N((0, 1,0)*)=N(0, 1, 0)* ={un(1)}* =p*,
or

(41) n(u)=pp*,
and ((vu)*, 0, 0)=(vu, 0, 0)*= —{(0, v, 0) x (0, O, u)}*=—{(0, 0, 1)* x (0, 1, 0)*}*
=—(0,0, 1)x(0, 1,0)=(1, 0, 0), so

42) v=u"1.
For arbitrary (a, b, ¢)=(a, 0, 0)— (b, 0,0) x (0, 1, 0)—(c, 0, 0) < (0, 0, 1) in A, D A,
@ A, we have (a, b, 0)*=(a*, 0, 0)—(b*, 0, 0) x (0, 0, u)—(c*, 0,0)x (0, "2, 0)=
(a*, c*u~1, ub*), so the involution * takes the form

43) (a, b, o)*=(a*, c*ut, ub*).
Furthermore, since (0, 1, 0)=(0, 1, 0)**=(0, 0, u)* =(0, u*u~1, 0) we see

(44) u=u* e H(U, *).
Once we know (44), we can rewrite (43) as (40): (a, b, uc)*=(a*, c*, ub*). Thus
F=9(Sa, *) 2 D(F(Y, ), *) where the involution on F(A, ) is of the form (40).
But then the subalgebra of symmetric elements is isomorphic to (2, u, u, *), and
F O, 1), ¥) =IO, g, u, *) as asserted by the theorem.

Putting the pieces together, we can sum up by

THEOREM 10.  is a form of the split exceptional quadratic Jordan algebra $(€3)
if and only if F=J, p) or F=J, u, u, *) is obtained by the First or Second Tits
Construction.

Proof. By Lemma 6 and Theorems 8 and 9, every form & of H(€;) is either a
S, p) or a J(Y, g, u, *). Conversely, every J(U, u, u, *) is a form of a F(U, n)
and every (¥, p) is a form of J(Q3, u) since any central simple A of degree 3 is a
form of Qz. Now over the algebraic closure ™ is a norm, and in general J(, p)
~ (Y, pn(u)) under (a, b, ¢) - (a, bu™*, uc) since that map sends (1,0, 0) into
(1, 0, 0) and preserves the norm

N(a, bu=1, uc) = n(a)+pn(@)n(bu=1)+u~*n(u)~n(uc) — t (a(bu~1)(uc))
= n(a)+ pn(b)+ p~n(c)—t(abc) = N(a, b, ¢),

so all 3(A, ) and F(A, u, u, *) are forms of the algebra J(Q3, 1). In particular this
holds for $(€;), so J(Qs, 1) = H(€;), and all J(N, 1) and (¥, p, u, *) are forms of
9(C5).
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